We discuss non-extremal rotating D3-branes. We solve the wave equation for scalars in the supergravity background of certain distributions of branes and compute the absorption coefficients. The form of these coefficients is similar to the gray-body factors associated with black-hole scattering. They are given in terms of two different temperature parameters, indicating that fields (open string modes) do not remain in thermal equilibrium as we move off extremality. This should shed some light on the origin of the disagreement between the supergravity and conformal field theory results on the free energy of a system of non-coincident D-branes. †
A useful tool in the study of the AdS/CFT correspondence [1] [2] [3] is the investigation of interactions of branes with external probes [4] [5] [6] [7] [8] . In particular, the absorption cross-section for a scalar in an AdS background has been shown to agree with the one obtained from superconformal field theory. This agreement has been shown to be exact in the low frequency limit and for all partial waves of the scalar field [4] . Extensions to higher frequencies have also been considered [6] . In the more general case of non-coincident D-branes, such calculations are considerably more involved, because the wave equation becomes non-separable [8] .
In ref. [8] , the absorption of scalars by a continuous distribution of D3-branes was studied. The wave equation was solved for arbitrary partial waves and a large set of supergravity backgrounds corresponding to various D-brane distributions in the extremal limit. In general, the waves become singular at the positions of the D-branes. It was found that the absorption coefficients exhibit a universal behavior similar to the form of the gray-body factors in the case of black-hole scattering [9] . The study of a general class of supergravity backgrounds is necessary if one's goal is to understand quantum gravity. Such studies have already appeared in the literature, starting with linearized perturbations around the special solution [10] and including solutions of the full non-linear field equations [11, 12] . Of particular importance are solutions that represent a collection of branes (multi-center). They correspond to a broken phase of the super Yang-Mills theory where certain operators develop non-vanishing vacuum expectation values. This is the Coulomb branch of the gauge theory, because the remaining massless bosons mediate long-range Coulomb interactions. Superconformal symmetry is broken. The space of these solutions is the moduli space of the Yang-Mills theory. One recovers the AdS limit by approaching the origin of moduli space.
To understand the thermodynamic properties of gauge theories, such as phase transitions [13] [14] [15] , one needs to consider non-extremal solutions of the supergravity field equations which have finite temperature. As a step in this direction, we study the scattering of scalars by brane configurations off extremality. We calculate the absorption coefficients and show that, as we move away from extremality, the degrees of freedom do not seem to remain in equilibrium. Instead, they evolve into separate systems at two distinct temperatures. This should shed some light on the disagreement between the supergravity and super-Yang-Mills calculations of the free-energy density [16] [17] [18] [19] [20] [21] . The two resultant expressions disagree by a factor of 3/4, indicating that the discrepancy is related to an incorrect account of the number of degrees of freedom.
The metric for a general distribution of spinning D3-branes in ten dimensions can be written in terms of four parameters [12, 22, 23] , the moduli ℓ i (i = 1, 2, 3), which are the angular momentum quantum numbers representing rotation around axes in three distinct planes, respectively, in the six-dimensional transverse space, and r 0 , which is related to the position of the horizon. The limit r 0 → 0 is the extremal limit. When the moduli ℓ i (i = 1, 2, 3) vanish, r 0 is the position of the horizon.
To simplify the calculations, we will restrict attention to the special case
The more general case is expected to lead to qualitatively similar results. The metric in this special case is given by 
where
Notice that the various functions, H, λ, ζ, comprising the metric tensor, are functions of r, θ only. The horizon is one of the roots of λ − r 
It is convenient to introduce the parameter ∆:
The limit ∆ → 0 corresponds to r 0 → 0 (extremal limit). The limit ∆ → 1 corresponds to ℓ 1 → 0. We will study both these limits. The other scale in the metric is the D-brane charge
and will be assumed to be much larger than either ℓ 1 or r 0 :
The energy, angular momentum, and entropy densities, Hawking temperature and angular velocity are, respectively,
where G is a constant related to Newston's constant. These quantities obey the thermodynamic relation
In the extremal limit, the horizon shrinks to zero (r 0 → 0) and also γ → ∞, so that the charge R 4 remains finite. The angular momentum also vanishes and we obtain a static configuration. Nevertheless, these configurations are still described by the angular momentum quantum number. Notice that the temperature parameter remains finite, even though the entropy and energy densities vanish. It should be pointed out that the physical meaning of this temperature parameter is not obvious, because the curvature has a signularity in this limit. The metric in the extremal limit becomes
and the other functions, λ, ζ are still given by Eq. (3). It can be shown that this metric is equivalent to the multi-center form
with the harmonic function H given by
where σ(y) describes the distribution of branes, through the following transformation [12, 24] 
To see this, note that the harmonic function H (Eq. (14)) can be written as
The D-branes are in the region bounded by the r = 0 surface, which is a disk of radius ℓ 1 in the plane y 3 = . . . = y 6 = 0 (because of Eq. (15)). Define
in terms of which H becomes
as r → 0. The density of D-branes is therefore independent of y || and σ = 1 πℓ 2
1
, i.e., the D-branes are uniformly distributed on a disk of radius ℓ 1 in the y || = 0 plane.
The ten-dimensional wave equation for a scalar field,
becomes separable for fields that are independent of the angular variables ψ, φ i (i = 1, 2, 3). For simplicity, we will further assume that there is no three-dimensional spatial dependence. For a field of momentum k µ = (ω , 0),
after some algebra, we obtain
We will solve this equation in the limit where the mass is small compared with the AdS curvature, and the angular momentum is also small,
In this limit, the term proportional to the angular momentum can be dropped. Indeed, its contribution is ω 2 ℓ 2 1 ≪ 1. Therefore, it is small compared to the angular momentum (L 2 term) contribution. The wave equation becomes
The eigenvalues ofL 2 are j(j + 4). Therefore, the radial part of the wave equation is
We will solve this equation in two regimes, r ≫ ωR 2 and r ≪ 1/ω, and then match the respective expressions asymptotically.
For r ≫ ωR 2 , we obtain
whose solution is
where we dropped the solution which is not regular at small r. The normalization is arbitrary, since we only care about ratios of fluxes. At small r, the solution behaves as
In the regime of small r (ωr ≪ 1), the wave equation becomes
We will solve this equation at extremality as well as away from it. We will obtain expressions for the absorption coefficients indicating that two distinct temperatures enter the problem and flow to different values as one varies the parameter ∆ (Eq. (6)). The two temperatures coincide at the extremal limit ∆ = 0. I. The end-point ∆ = 0 We start with the extremal limit where r 0 → 0 and the horizon shrinks to zero. We will follow the discussion of ref. [8] . As explained above, the extremal limit represents branes which are uniformly distributed on a two-dimensional disk of radius ℓ 1 in the transverse space [11, 12] . This is a Bose-Einstein condensate. It has zero entropy because it has settled into its ground state. However, the temperature remains finite implying that the temperature parameter lacks a standard physical interpretation. Nevertheless, we shall continue to refer to it as the temperature of the system, because it possesses the usual thermodynamic properties.
The wave equation (28) becomes
To solve this equation, change variables to u = 1/λ. Then
Next, we need to control the behavior at the singular points u = 0, 1. As u → 0, we obtain
Assuming Ψ ∼ u a , we obtain
2πR 2 is the Hawking temperature. Let us point out again that, this being an extremal configuration, one would expect the temperature to vanish (just as the entropy and energy do). This does not happen owing to the curvature signularity at the horizon. Therefore, this temperature parameter lacks a standard physical interpretation. Nevertheless, it possesses standard thermodynamic properties.
As u → 1, we obtain
. Now set
Eq. (31) becomes
whose solution is the hypergeometric function
To obtain the behavior of Ψ for large r, note that
where the dots represent terms that are regular in 1 − u. Therefore, using Eqs. (34), (36) and (37), we arrive at
Comparing with the asymptotic form (27), we obtain
In the small r limit, we have u ≈ r 2 /ℓ (40)
The absorption coefficient, which is the ratio of the incoming flux at r → 0 to the incoming flux at r → ∞, is
This is of the same form as the grey-body factors obtained in black-hole scattering [9] for large j. Indeed, comparing
with the general form of a grey-body factor [9] ,
we see that we get contributions from all fields at the same temperature,
For completeness, we mention that Eq. (41) also reproduces results derived earlier in the AdS (zero temperature) limit. Indeed, in the small temperature limit, we have κ → ∞ and
for even j, where we used the Gamma function identities
Since also |Γ(
and so the absorption coefficient (41) becomes
in agreement with earlier results [4] .
Thus, we have established that the absorption coefficients (Eq. (42)) are given in terms of a single temperature parameter (the Hawking temperature) in the extremal limit. Of course, the system has settled into its ground state and this result does not have an obvious physical interpretation in terms of thermal equilibrium. Next, we wish to move away from extremality, where the horizon as well the physical temperature become finite. It is hard to find an analytic form of the solution to the wave equation (28) for a general finite parameter ∆. We have managed to derive the solution in closed form in the limit of small ∆ and at ∆ = 1. II. Approaching the limit ∆ → 0
Away from extremality, the horizon is finite and we first need to isolate the behavior of the wavefunction near the horizon. Let the asymptotic form of the wavefunction be
where r H is the radius of the horizon (Eq. (4)). Substituting into the wave equation (28), we obtain
where T H is the Hawking temperature (Eq. (9)). The wavefunction for r ≥ r H can then be written as
where the function f (r) is regular at the horizon (r = r H ). After some algebra, we obtain
In the limit ∆ → 0, we have r + ≫ r H (cf. Eq. (6)). So we can solve Eq. (52) in the r ≫ r H regime and then take the limit r → r H . This is guaranteed to be finite, because the singularity has already been removed. We obtain
which is of the same form as (29). Therefore, the solution is
At the horizon, r = r H , we have u = u H = ∆/(1 + ∆) and
For large j and |b| ≫ j, we can use the Gamma function identities
to show that (56) takes on the asymptotic form
Define temperature parameters
They satisfy
and T ± → T H as ∆ → 0. Thus, in the extremal limit (∆ = 0) we recover thermal equilibrium at temperature T = T H . The absorption coefficient can be written as
indicating that the fields are not in thermal equilibrium away from extremality. As the size of the horizon, r H , increases (i.e. as ∆ increases), the temperature of some of the fields decreases whereas the rest of the fields become hotter. It should be noted that Eq. (60) is only valid for small ∆, so both temperature parameters T ± are positive. It would be interesting to generalize Eq. (60) 
where T H = The function f has a regular limit as r 0 → 0 (as expected, since we have already isolated the singularity in the wavefunction). Neglecting higher-order corrections, we set r 0 = 0 in Eq. (65). The result is
(notice that we kept the r 4 0 cosh 2 γ term, which remains finite and proportional to the D-brane charge R 4 (Eq. (7)) whose solution is
In the large r limit, we have
The absorption coefficient is
Since κ is large, we can expand the Bessel function,
Using the Gamma function identities (57), we may write
Using the approximation (72), after some algebra we find that for frequencies large compared to the temperature, the absorption coefficient (70) becomes
in line with the results we obtained in the extremal case (∆ = 0, Eq. (42)), but at half the Hawking temperature.
Comparing with the results in the near-extremal limit ∆ → 0 (Eq. (62)), we are led to the conclusion that T − → ∞, so that T + = T H /2, in order to satisfy
Thus, in this other end of the spectrum (∆ = 1), it appears that one set of fields in the conformal field theory (open string modes) live in a very hot bath and decouple. Only one group survives.
In Fig. 1 , we have plotted the dependence of the two temperature parameters (for a given value of the Hawking temperature) on the parameter ∆, which is a measure of the departure from extremality. The dotted lines indicate that we did not have an explicit result, but extrapolated from the region where an explicit result was found. In the extremal limit (∆ = 0), there is only one temperature parameter (the Hawking temperature). At the other end of the range of ∆ (∆ = 1), one of the temperature parameters diverges, whereas the other one converges to half the Hawking temperature. On the conformal field theory side, this behavior seems to indicate that fields (open string modes) are not in equilibrium with each other. For a given Hawking temperature, there are distinct vacua corresponding to different supergravity configurations. This seems to imply that the fields form two separate systems at two distinct temperatures. Of course, all this needs to be taken with a grain of salt, since away from extremality supersymmetry is broken and there is no guarantee that a duality exists between supergravity and superconformal field theory on D3-branes. Yet, it is intriguing that similar results are obtained in both the extremal and the non-extremal cases. It would be interesting to extend these results to more general supergravity backgrounds and probes, aiming at a better understanding of the interesting issue of the AdS/CFT correspondence.
